Eur. Phys. J. C 55, 95-99 (2008)
DOI 10.1140/epjc/s10052-008-0567-9

THE EUROPEAN
PHYSICAL JOURNAL C

Regular Article — Theoretical Physics

Correspondence between the three-form and a non-minimal

multiplet in supersymmetry

G. Girardi®, R. Grimm', B. Labonne?, J. Orloff?-?

L CPT, UMR 6207 du CNRS, CNRS Luminy, Case 907, 13288 Marseille Cedex 09, France
2 LPC, UMR 6533 IN2P3/CNRS, Université Blaise Pascal, 24, Avenue des Landais, 63177 Aubiere Cedex, France

Received: 12 December 2007 / Revised version: 25 January 2008 /
Published online: 18 March 2008 — © Springer-Verlag / Societa Italiana di Fisica 2008

Abstract. In analogy to the chiral-linear multiplet correspondence we establish a relationship between the
3-form (or gaugino condensate) multiplet and a coupled non-minimal (0, 1/2) multiplet, illustrated by a sim-

ple explicit example.

PACS. 11.30.Pb

1 Introduction

The scalar multiplet [1], commonly termed chiral multi-
plet, is the most popular realization of the (0,1/2) repre-
sentation (massive or massless) of supersymmetry in terms
of local quantum fields. It contains as components a com-
plex scalar, a Majorana spinor and a complex scalar aux-
iliary field. Another realization of the same representation
(generally massless in this case) is provided by the linear
multiplet [2], given in terms of a real scalar, a 2-index an-
tisymmetric tensor gauge field, a Majorana spinor and no
auxiliary field. Contrary to the previous one the linear mul-
tiplet is a gauge multiplet. In classical Lagrangian field the-
ory one can establish [3] a certain correspondence between
the chiral multiplet and the linear multiplet, sometimes
referred to as chiral-linear multiplet duality, in particu-
lar in applications where the linear multiplet incarnates
a dilaton—axion multiplet. In this note we would like to
draw attention to yet another couple of realizations of the
(0,1/2) representation, the 8-form multiplet [4] and a non-
minimal (0,1/2) multiplet [5], including simple chiral mul-
tiplet couplings.

The 3-form multiplet made of a 3-index antisymmetric
tensor gauge field, a complex scalar, a Majorana spinor and
a real auxiliary field may be understood as a further con-
strained chiral multiplet. It is the basic ingredient in the
context of gaugino condensation, but it is also relevant in
the theory of supersymmetric gauge anomalies and in the
description of curvature squared terms and Chern—Simons
forms in supersymmetry. The non-minimal (0, 1/2) multi-
plet, on the other hand, is less well known. In this note,
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we would like to outline a relation with the 3-form multi-
plet in very much the same vein as the above-mentioned
chiral-linear correspondence. To be definite, we shall ex-
hibit here a very simple toy model, coupling the gaugino-
condensate multiplet to a single generic chiral multiplet,
and suggest a corresponding coupling of the non-minimal
(0,1/2) multiplet.

It may be worthwhile to comment briefly on the no-
tion of gaugino condensate multiplet. In a supersymmet-
ric gauge theory, the gauge field-strength tensor is pro-
moted to a multiplet containing as superpartners the
gaugino and a real bosonic auxiliary field. The corres-
ponding gaugino superfield, denoted W,, W% is chiral
(DYW, = 0,D, W% =0) and subject to the additional
constraint D*W,, = D4sW¢. Irrespectively of the mechan-
isms underlying gaugino condensation, the constraints on
W, W% imply that the condensate superfields tr(W*W,,),
tr(WsW?) are not only chiral but fulfill the additional
condition

D2tr(W?) — D*r(W?) = igpimntr(FH F™) .

Interestingly enough, this supermultiplet can be seen as
a particular realization of a generic 3-form gauge theory in
superspace with the 3-form gauge potential related to the
Chern—Simons form of the Yang—Mills theory.

2 The 3-form multiplet

In multiplets of supersymmetry different components may
be assigned different R-weights, in relation to their su-
persymmetry transformations and the chiral properties of
their generators [6]. As it seems reasonable to assign a van-
ishing R-weight to the gauge potential components, the
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R-weights of their supersymmetry partners are then deter-
mined correspondingly. Precisely in the case of Cim (),
the 3-form gauge potential of the gaugino condensate
multiplet with vanishing R-weight, the weights of the
other components are dictated by supersymmetry: in units
where 7(0) = 7(D) = +1 and 7(9) = r(D) = —1, the scalar
components Y (z),Y (z) have r(Y) = +2 and 7(Y) = —2.
The fermionic components 7, (z), 7%(z) acquire 7(n) = +1
and r(77) = —1, whereas H(x), the real auxiliary field, has
r(H) = 0. Therefore, H(z) may constitute by itself an
R-inert supersymmetric Lagrangian in analogy with the
Fayet—Iliopoulos D-term familiar in supersymmetric gauge
theory.

In superfield language, the 3-form multiplet is char-
acterized by the superfields Y,Y subject to the chirality
conditions

D*Y =0, D,Y =0, (1)
and the additional constraint
D?Y — D*Y = —8idC(z), (2)

with 0C = —%eklmnﬁkclmn. These superfield relations
have an interpretation as Bianchi identities in superspace
geometry [4, 7). Component fields are identified as usual by
projection to the lowest superfield components

V|=Y(z), DY|=v2i%),

Y|=Y(z), DaY|=v2na(2), (3)
D*Y|+ D*Y| = —8H(z),

Clmn| = Cimn () . (4)

Supersymmetry transformations for these components
read

0¢Crnik, = \1/—65(5_5"77 — &0 N)enmik » (5)
5eY = V2600, 0¥ = V28", 6)
Sena = V260 (H +10C) +1v2(£6™€)adnY ,  (7)
Jeii™ = V264 (H —100) +1iV2(Ea™€)*0, Y,  (8)

: (9)

“—m L
5@:5(50 Omn) + 7

Taking care of the overall R-weights of Y and Y, the
invariant component field Lagrangians may be obtained
from (“D-term integration”)

(fom 87717—7) .

Lyy= / d*0d*9(YY) = -0, YO"Y

+ l(amnamﬁ —no™O,, )+ H*+0C?, (10)

[\

the kinetic Lagrangian density and (“F-term integration”)
/d20Y+/ d?0Y =2H(z), (11)

giving rise to the H-term referred to above.

Let us consider, as a very simple example, the coupling
to a single chiral superfield!, ¢, of vanishing R-weight, i.e.
adding a kinetic density

[ aoaa0s,
and generalizing (11) to

/d29YU(¢)+/d297U(<5),

with U(¢),U(¢) at most quadratic in the renormalizable
case.

In fact, using the explicit solutions of the constraints (1)
and (2)

Y =-4D%Q2, Y =-4D?Q2, (12)
with 2 the real unconstrained pre-potential (undeter-
mined up to a linear superfield pre-gauge transformation)
and employing integration by parts in superspace, the com-

plete action density may be written as a pure D-term
integration

/ A20d2%0[YY + 66+ 162U () + T(@)],  (13)

with suitable superfield equations of motion.

3 A simple model

In this section, we consider a particular combination of the
3-form and a chiral multiplet in choosing U(¢) = a+ ud,
€ R, giving rise to the superfield action density

/d29d29(¢¢3+Y?)+/d29(a+u¢>)y

+/ d?0(a+pe)Y . (14)
At the component field level, this action contains the ki-
netic terms for A, A, x, ¥ (chiral multiplet) and Y,Y, 7,7
(3-form multiplet), mixing terms of those with F, F' (chi-
ral multiplet), H (3-form multiplet) and, last but not least,
the terms containing 0C, the field-strength of the 3-index
antisymmetric gauge potential.

In many cases, in supersymmetric field theories, elim-
ination of auxiliary fields means rather diagonalization in
terms of non-propagating fields (no derivative terms in the
action density) with trivial algebraic equations of motion.
In the case at hand, this can be done easily for the part of

1 The component fields for ¢ are ¢| = A(x), Dag| = V2xa(T),
D?¢| = —4F (z); likewise for ¢.
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the action density containing F, F' and H, yielding
L=—0mAd, A~ % (X" Om X + XG ™ OmX)
— 0 YO™"Y — % (1™ Om M+ 15" Omn)

WY [? — |+ pAl?

2

— p(xn+xi) —
+ [0C + %(a—o‘z-ﬁ-u(A—/_l))
+FF+HH, (15)
with diagonalized auxiliary fields

F=F+uYy, F=
1
H=H+(ata)+ g(A+A)

F+4puy,
(16)

The complex scalar Y, Y satisfies a Klein-Gordon equa-
tion with mass u, and the Weyl spinors 77, ¥ combine into
a Dirac spinor of the same mass. The equations of mo-
tion for the fields A, A, Cy;, are most conveniently written
using A = A; +iAs and a = a3 + iae, so that

DAI—,uz <A1+%) =0, (17)

OA; —uoC =0, (18)

O (OC — pAz) = 0 (19)

The last equation is compatible with a constant Ko = 0C' —

1Az, giving rise to a shifted Klein—-Gordon equation for As:
a2t K2> =0.

©-12) (24 (20)
We would like to stress that these features arise nec-
essarily in the context of models dealing with gaugino
condensation.

4 The X-Y correspondence

Independently of supersymmetry, the 3-index antisymmet-
ric gauge potential Cj,,, has been employed in the context
of the cosmological constant problem [8,9]. The deriva-
tive quadratic action density is proportional to (9C')?. This
density can be related to a constant considering the density

X24X0C,

with X (z) a real field. Varying with respect to X and sub-
stituting back reproduces (0C)2. On the other hand, vary-
ing with respect to Cyy,, implies 9,,X =0, i.e. X a con-
stant.

This mechanism can be extended to the supersymmet-
ric case, e.g. the 3-form multiplet. Here we consider the
combination

/ d*0d*0[-XX — XY - Y X +1602(U(¢) + U()) + ¢9¢] .
(21)

X, X is a complex unconstrained superfield, Y,Y the 3-
form superfield introduced above and {2 its unconstrained
real pre-potential. ¢, ¢ are considered as spectator super-
fields. Varying with respect to X, X just implies X =Y
and X =Y, and one recovers (13) upon substitution. As to
variation With respect to the 3-form multiplet we shall use
the solution (12) of the constraints and integration by parts
in superspace to arrive at

/ d20d%0[— XX + ¢p +402(D*X + D*X +4U (¢)
+4U(9))], (22)

where {2 may be considered as a Lagrange multiplier super-
field giving rise to the constraint

D?X 4 D*X 44U (¢) +4U(¢) =0, (23)
which can be separated into two constraints
D*X = —4U(¢) — 4K,
D?*X = —4U(¢) — 4K, (24)

related by the constant K = —K = iK», which might be
absorbed in a redefinition of U(¢) and U(¢). In other
words, in supersymmetry the analogue of the constant
mentioned above (in the non-supersymmetric case) is given
by a complex superfield, X, X.
The component field action is then obtained from
/d29d29‘[—X7+ ¢9] . (25)
In the case U = 0, this multiplet has been presented in [5].
We shall call it non-minimal in what follows and use the

term coupled non-minimal in the case of non-vanishing U,
to be discussed in the next section.

5 The coupled non-minimal multiplet

The superfield constraints (24) determine a multiplet of 12
bosonic and 12 fermionic component field degrees of free-
dom, identified as usual by successive applications of co-
variant spinor derivatives. We define the component fields
contained in X as
X|=X, D.X| —V20%,
DD X|=V,*,
DYD?X| = —4p%.

2\6%” DdX|:
D*X|=—

)

(26)

Observe that the §% component is given in terms of A; cf.
(24). For X we define similarly

X|=X, D.X|=-V2w., DX|=+v2¢%,
D,D%X|=V,%, D?X|=-4E,
D,D?*X| = —4p,, . (27)
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Projecting %DB2D(—XX) to lowest components gives

the canonical component field action density?

Lx =—0,X0"X — % (W™ O+ WG O w)
—|UP~U'(XF+wx)-U(XF+y)
1 1.~ 1. -
+ 5 XU 000 + 5 XU (x3) = 5V V™
_ i ma
~EE- 2y (0 m¢+1x/§p)

_ %JJ (amam¢+i\/§ﬁ) : (28)

describing a complex scalar X and a Majorana spinor w as
physical fields. Auxiliary fields consist of a complex scalar
E, a complex vector V,,, and two Majorana spinors, ¢ and
p. This action density is invariant under supersymmetry
transformations:

5eX =V2(&p— o), 66X =V2(&P—w),
Setha = V2EE, — %vm (E6™€)a,
5eip® = V2EES %vm@a’"e)d ,

5e = VAU~ (Vi 20, X) €™

Sewa = —V2U &, — %(Vm +2i07,X) (€5 €)

8¢V = (€0mP) + V21 (£01,51 0" — €61y 0, 0" @)
- (g6mX)U/7
3¢ Vin = (E0mp) + V2i (£5n0m0" ) — £01mTn0"w)
‘ - (&Tm)Z)U/ .
0ep” =210 E(E0™e)
+ (210, V™ — 20X — U"xx + 2U'F)£%,
Sepo = 210, E(E5™€)
+ (210, V™ — 20X —U"xx +2U'F) &,
0E=Ep, 0:D°X =—4v2U'(¢x),

0E=¢p, 0:D*X =-4V2U'(€). (29)

Adding the kinetic Lagrangian for ¢

Lg=—0mAdA— % (X0 OmX + XT " OmX) + FF
(30)

the complete Lagrangian is
L= 0" A0 A= 5 (X0 I X+ X5 OmX)

— 0 X0™X — % (W™ Oy + OGO w)
—U'(Awx - U (Aox— U (A))PXX - |UA)P+FF

2 Primes indicate derivatives with respect to A or A, as the
case may be.

1 1 - 1. _
+ 3 XU(A)00) + 5 XU (A)(XX) = 5VmV™" — EE
i ma T ..
- éz/} (a amw+1¢§p)
— 20 (07O +iv2p) | (31)
2
with
F=F-XU', F=F-XU, (32)
exhibiting the general scalar potential
V=|U'(A)PXX+|U(A)]. (33)

In order to make contact with the simple model of Sect. 3,
we set U(A) = a+pA and U(A) = a+ pA. Then (31) de-
scribes two complex scalar fields and a Dirac field with
common mass y, just like the Lagrangian (15). The differ-
ence between the two Lagrangians appears in the auxiliary
field sector and, correspondingly, in the component field
supersymmetry transformations. Moreover, it should be
stressed that Y,Y represents a gauge multiplet, whereas
X, X does not; this is also the case for the linear—chiral
multiplet correspondence.

6 Conclusions

The main purpose of this short communication was to es-
tablish a correspondence between the 3-form multiplet and
a non-minimal multiplet, in analogy to the well-known re-
lation between the 2-form (i.e. linear) multiplet and the
chiral multiplet. Observe that in both cases the corres-
pondence can only be established under certain restric-
tive assumptions. Although the 3-form multiplet and the
non-minimal multiplet might be considered as exotic mul-
tiplets, they are not. As indicated in the introduction, the
3-form multiplet describes naturally the gaugino squared
chiral superfield tr (W*W,) and its complex conjugate.
On the other hand, the non-minimal multiplet appears
naturally in the context of the solution of the chiral su-
perfield constraints, i.e. ¢ = D?*p, ¢ = D?@, in terms of
unconstrained potentials ¢, ®, defined up to pre-gauge
transformations ¢ = ¢ +&, @ — ¢+ €. These superfields
are themselves subject to the pre-constraints D?¢ = 0 and
D?%€ =0, leaving ¢, ¢ invariant.

Let us mention as well that the above-mentioned 3-form
constraints appear in an intriguing way in supergravity, in
the framework of U(1) superspace. The chiral supergravity
superfields R, R' are intertwined with the vector superfield
G, through the relation DR — D?R' = 4iD*G,. Remark-
ably enough, here, the H-term of R, R corresponds to
a D-term of the U(1) supergravity sector.

The emphasis of the present note was to draw at-
tention to the basic features of the correspondence be-
tween the 3-form multiplet and the non-minimal multiplet
restricting ourselves to quite elementary considerations.
More involved structures as well as the corresponding su-
pergravity couplings will be the subject of forthcoming
publications.
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